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Channel Coding:
Linear Block Code
Cyclic Codes
BCH (The Bose Chaudhuri & Hocquenghem) CodesBCH (The Bose Chaudhuri & Hocquenghem) Codes
Convolutional Codes
Turbo Codes

Referensi:
“Digital communications: Fundamentals and Applications” byDigital communications: Fundamentals and Applications  by 
Bernard Sklar,Prentice Hall, 2001, ISBN: 0-13-084788-7
“Communication Sistems, 4th Edition”; by Simon Haykin; John 
Wiley & Sons; Ontario; 2000Wiley & Sons; Ontario; 2000
“Error Control Coding: Fundamentals and Applications”; by 
Shu Lin & Daniel J Castello; Prentice-Hall; 1983; ISBN: 0-13-
283796 X283796-X
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Dampak menggunakan Channel Coding

Kinerja vs bandwidth
Power vs bandwidthPower vs. bandwidth
Data rate vs. bandwidth
Capacity vs bandwidth

BP

CodedCapacity vs. bandwidth 
A

FCoding gain:
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Coding gain:
Reduksi  Eb/N0 jika menggunakan skema 
channel coding untuk mencapai kinerja 
tertentu
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Channel models

Discrete memory-less channels
Discrete input discrete outputDiscrete input, discrete output

Binary Symmetric channels
Bi i t bi t tBinary input, binary output

Gaussian channels
Discrete input, continuous output
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What are Linear Block Codes?

Linear Block Codes

Information sequence is segmented into message 
blocks of fixed lengthblocks of fixed length.
Each k-bit information message is encoded into 
an n-bit codeword (n>k)an n-bit codeword (n>k)

Binar Block2k 2kBinary Block 
Encoder

2k 

k-bit Messages
2k 

n-bit DISTINCT
codewords
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What are Linear Block Codes?

Linear Block Codes

Modulo-2 sum of any two codewords is ………      
also a codewordalso a codeword
Each codeword v that belongs to a block code C 
is a linear combination of k linearly independentis a linear combination of k linearly independent 
codewords in C, i.e.,

U=m0.g0+m1.g1+…+mk-1.gk-1
gi=[gi0 gi1  …. gi,n-1]
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Some definitions

Binary field : 
Th t {0 1} d d l 2 biThe set {0,1}, under modulo 2 binary 
addition and multiplication forms a field. 

110
000

=⊕
=⊕

010
000

=⋅
=⋅

Addition Multiplication

011
101
110

=⊕
=⊕
=⊕

111
001
010

=⋅
=⋅
=⋅

Binary field is also called Galois field, GF(2).
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Some definitions…

Fields : 
Let F be a set of objects on which twoLet F be a set of objects on which two 
operations ‘+’ and ‘.’ are defined. 
F is said to be a field if and only if
1. F forms a commutative group under + operation. 

The additive identity element is labeled “0”.
FabbaFba ∈+=+⇒∈∀

2. F-{0} forms a commutative group under . 
Operation. The multiplicative identity element is 
labeled “1”

FabbaFba ∈+=+⇒∈∀ ,

labeled “1”.

3. The operations “+” and “.” distribute:
FabbaFba ∈⋅=⋅⇒∈∀ ,
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Some definitions…

Vector space:
L t V b t f t d F fi ld fLet V be a set of vectors and F a fields of 
elements called scalars. V forms a vector space 
over F if:

1. Commutative:
2. VuvVv ∈=⋅⇒∈∀∈∀ aFa ,

FV ∈+=+⇒∈∀ uvvuvu,

3. Distributive: 

Associative:
vuvuvvv ⋅+⋅=+⋅⋅+⋅=⋅+ aaababa )(   and   )(

)()(∀∀ bbVFb1. Associative:
2.

)()(,, vvv ⋅⋅=⋅⋅⇒∈∀∈∀ babaVFba
vvVv =⋅∈∀ 1  ,
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Some definitions…

Examples of vector spaces
The set of binary n-tuples, denoted by  Vy p , y nV

)}1111(),1101(),1100(),1011(),1010(),1001(),1000(         
),0111(),0101(),0100(),0011(),0010(),0001(),0000{(4 =V

Vector subspace:
A subset S of the vector space     is called a nV

)}(),(),(),(),(),(),(

p
subspace if:

The all-zero vector is in S.
The sum of any two vectors in S is also in S

n

The sum of any two vectors in S is also in S.
Example:

 .  of subspace a is   )}1111(),1010(),0101(),0000{( 4V
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Some definitions…

Spanning set:
A collection of vectors ,{ }{ }gggG v,,v,v,...,, 2121=A collection of vectors                              , 
the linear combinations of which include all vectors in 
a vector space V, is said to be a spanning set for V or 
to span V

{ }{ }nngggG v,,v,v,...,, 2121 K

to span V.
Example:
{ } .  spans  )1001(),0011(),1100(),0110(),1000( 4V

Bases:
A spanning set for V that has minimal cardinality is 

ll d b i f Vcalled a basis for V.
Cardinality of a set is the number of objects in the set.
Example:
{ }
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Linear block codes

Linear block code (n,k)
A t ith di lit i ll dVC k2A set            with cardinality     is called a 
linear block code if, and only if, it is a 
subspace of the vector space     .V

nVC ⊂ k2

subspace o t e ecto space nV

   nk VCV ⊂→

Members of C are called code-words.
The all-zero codeword is a codeword.
Any linear combination of code words is aAny linear combination of code-words is a 
codeword.
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Linear block codes – cont’d

Vmapping nV
kV

C
mapping

Bases of C
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Linear block codes – cont’d

The information bit stream is chopped into blocks of k bits. 
Each block is encoded to a larger block of n bitsEach block is encoded to a larger block of n bits.
The coded bits are modulated and sent over channel.
The reverse procedure is done at the receiver.The reverse procedure is done at the receiver.

Data block
Channel

CodewordData block encoder Codeword

k bits n bits

biR d dk

rate Code   

bits Redundant        

n
kR

n-k

c =
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Linear block codes – cont’d

The Hamming weight of vector U, denoted by 
w(U) is the number of non-zero elements inw(U), is the number of non-zero elements in 
U.
The Hamming distance between two vectorsThe Hamming distance between two vectors 
U and V, is the number of elements in which 
they differ.  

)()( VUVU ⊕d

The minimum distance of a block code is 

)()( VUVU, ⊕= wd

)(min),(minmin iijiji
wdd UUU ==

≠
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Linear block codes – cont’d

Error detection capability is given by

1min −= de

Error correcting-capability t of a code, which is 
defined as the maximum number of 

t d t bl d d iguaranteed correctable errors per codeword, is

⎥⎢ −1d
⎥⎦
⎥

⎢⎣
⎢=

2
1mindt
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Linear block codes – cont’d
For memory less channels, the probability 
that the decoder commits an erroneous 
decoding is

jnj
n

pp
n

P −−⎟⎟
⎞

⎜⎜
⎛

≤ ∑ )1(

is the transition probability or bit error probability

tj
M pp

j
P

+=
⎟⎟
⎠

⎜⎜
⎝

≤ ∑ )1(
1

p is the transition probability or bit error probability 
over channel.

The decoded bit error probability is

p

The decoded bit error probability is 

jnj
n

B pp
n

jP −−⎟⎟
⎞

⎜⎜
⎛

≈ ∑ )1(1
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Linear block codes – cont’d
Discrete memoryless symmetric channelDiscrete, memoryless, symmetric channel 
model

1-p1 1

Tx. bits Rx. bits

p

p

Note that for coded systems, the coded bits are 
d l t d d t itt d h l F

1-p

p

0 0

modulated and transmitted over channel. For 
example, for M-PSK modulation on AWGN channels 
(M>2):

( ) ( ) ⎞⎛⎞⎛

where is energy per coded bit given by

( ) ( )
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Modul 09 - Siskom 2 - Linear Block Code 19

where      is energy per coded bit, given bycE bcc ERE



Linear block codes –cont’d

nV
V

mapping
kV

C

A matrix G is constructed by taking as its 
Bases of C

rows the vectors on the basis,                .},,,{ 21 kVVV K
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Linear block codes – cont’d

Encoding in (n,k) block code

mGU =
V ⎤⎡ 1

kn mmmuuu
V
V

⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎡

⋅= 2

1

2121 ),,,(),,,(
M

KK

kn

k

mmmuuu VVV
V

⋅++⋅+⋅=

⎥
⎦

⎢
⎣

2221121 ),,,( KK

The rows of G, are linearly independent.
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Linear block codes – cont’d

Example: Block code (6,3)
M

⎤⎡⎤⎡⎤⎡ 001011V
000000000

Message 
vector (m) Codeword (U)

⎥
⎥
⎥

⎦
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⎢
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⎣

⎡
=

⎥
⎥
⎥

⎦

⎤
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⎢
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⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
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⎢

⎣

⎡
=

1
0
0

0
1
0

0
0
1

1
1
0

0
1
1

1
0
1

V
V
V

G

3

2

1

3

2

1

g
g
g

011101011

 
0
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1
0

0
1

1
0

1
1

0
1         

0
0

1
0

0
1
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Example: Block code (7,3)
Message (m) Codeword

0 1 1 0 1 0 0 0
0 1 1 0 1 0 0

g
g
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥

0000 0000000

0001 1010001

0010 1110010 g2

g3

1

3

0 1 1 0 1 0 0
1 1 1 0 0 1 0
1 0 1 0 0 0 1

2

g
G=

g
g

⎢ ⎥ ⎢ ⎥=
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦

0011 0100011

0100 0110100

0101 1100101

g1

g2

0101 1100101

0110 1000110

0111 0010111

1000 1101000 g0

m= [0 1 1 0]

1000 1101000

1001 0111001

1010 0011010

1011 1001011

g0

Linear Block 
Encoder (U=m.G)

1011 1001011

1100 1011100

1101 0001101

1110 0101110

U= g1+g2
U= [1 0 0 0 1 1 0] 1110 0101110

1111 1111111
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Example

0

1

1 1 0 1 0 0 0
0 0 1 0 1 1 1

g
g

G=

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥=
⎢ ⎥ ⎢ ⎥

Linearly 
Dependent

3

1 1 1 1 1 1 1
1 0 1 0 0 0 1

2

G
g
g
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦

m= [0 1 1 1]

Bl k E d

m= [1 0 0 1]

Bl k E dBlock Encoder 
(U=m.G)

Block Encoder 
(U=m.G)

U= g1+g2+g3
U= [0 1 1 1 0 0 1]

U= g0+g3
U= [0 1 1 1 0 0 1]

NOT DISTINCT
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Linear Systematic Block Codes

Redundant Checking Message

n-k bits k bits

g
Part

g
Part

p-matrix kxk- identity matrix

00 01 0 1

10 11 1 1

1 0 0
0 1 0

  
  

,n k

,n k

p p ... p ...
p p ... p ...

− −

− −

⎡ ⎤
⎢ ⎥
⎢ ⎥

[ ]   
G= P I

  k

. . . . . .

. . . . . .

⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥

1 0 1 1 1 1 0 0 1
 

  k , k , k ,n k

. . . . . .
p p ... p ...− − − − −

⎢ ⎥
⎢ ⎥
⎣ ⎦
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The Parity Check Matrix
For any k x n matrix G with k linearly independent 
rows, there exists an (n-k) x n matrix H (Parity 
Check Matrix) such thatCheck Matrix), such that

G.HT=0

00 01 1 0

01 11 1 1

1 0 0
0 1 0

  
  

k ,

k ,

p p ... p...
p p ... p...

−

−

⎡ ⎤
⎢ ⎥
⎢ ⎥

[ ]T   
H= I  P

  

,

k

. . .. . .

. . .. . .

⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥

0 1 1 1 1 10 0 1
  
  ,n k ,n k k ,n k

. . .. . .
p p ... p... − − − − − − −

⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦
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Example

⎡ ⎤1 1 0 1 0 0 0
0 1 1 0 1 0 0

G

⎡ ⎤
⎢ ⎥
⎢ ⎥
1 1 1 0 0 1 0

G ⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦1 0 1 0 0 0 1⎢ ⎥
⎣ ⎦

1 0 0 1 0 1 1⎡ ⎤
⎢ ⎥0 1 0 1 1 1 0
0 0 1 0 1 1 1

H ⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦0 0 1 0 1 1 1⎢ ⎥⎣ ⎦
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Encoding Circuit 1 1 0 1 0 0 0
0 1 1 0 1 0 0

G

⎡ ⎤
⎢ ⎥
⎢ ⎥
1 1 1 0 0 1 0
1 0 1 0 0 0 1

G ⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦Input m

m0 m1 m2 m3 To channel

Message Register

To channel

Output u

+ + +

u0 u1 u20 1 2

Parity Register

[ ]
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Syndrome

Characteristic of parity check matrix (H)

0TH C0. =THr Cr∈
0≠THr Cr∉

ChannelU r S d

0. ≠Hr Cr∉

ChannelU r

+U r=U+e

Syndrome

Ts=r H
e Error Pattern

s=r.H
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Linear block codes – cont’d

Format Channel 
encoding ModulationData source Um

channel
Channel
decodingFormat Demodulation

DetectionData sink
rm̂

)(
or vector codeword received  ),....,,( 21 nrrr=r
eUr +=

Syndrome testing:

or vectorpattern error   ),....,,( 21 neee=e

S is syndrome of r, corresponding to the error 
pattern e. TT eHrHS ==
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Linear block codes – cont’d
Standard array

For row                         , find a vector in       of minimum weight 
which is not already listed in the array

kni −= 2,...,3,2 nV
which is not already listed in the array.
Call this pattern     and form the row as the corresponding 
coset

ie th:i

k221 UUU L
zero 

codeword

k22222 UeUee ⊕⊕
MOLM

L
coset

kknknkn 22222 UeUee ⊕⊕ −−− L
coset leaders
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Linear block codes – cont’d
Standard array and syndrome table 
decoding

T1. Calculate 
2. Find the coset leader,        , corresponding to   .
3 Calculate and corresponding

TrHS =

iee =ˆ S
U ˆˆ m̂3. Calculate              and corresponding    .

Note that

erU += m

)ˆˆ(ˆˆ (U)UU +++++Note that 
If , error is corrected.
If undetectable decoding error occurs

)( e(eUee)UerU ++=++=+=
ee =ˆ
ee ≠ˆIf  , undetectable decoding error occurs.ee ≠
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Linear block codes – cont’d

Example: Standard array for the (6,3) code
d d

000110110010011100101000101111011011110101000001
000111110011011101101001101110011010110100000000

codewords

111100001000
000110110111011010101101101010011100110011000100
000101110001011111101011101100011000110111000010
000110110010011100101000101111011011110101000001

MMM

010110100101010001
010100100000
100100010000
111100001000

M

MMM

coset

010110100101010001 LL

Coset leaders
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Linear block codes – cont’d

E tt S d

011000010
101000001
000000000

received. is    (001110)
ted.  transmit(101110)

=
=

r
U

Error pattern Syndrome

010010000
001001000
110000100
011000010

(100)(001110)
:computed is  of syndrome The

=== HrHS
r

TT

111010001
100100000
010010000

estimatedisvectorcorrectedThe
(100000)ˆ

issyndromethistoingcorrespondpattern Error 
=e

(101110)(100000)(001110)ˆˆ
estimatedisvector correctedThe

=+=+= erU
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Syndrome Circuit

r1 r2 r3 r4 r5 r6r0

1 0 0
0 1 0
⎡ ⎤
⎢ ⎥
⎢ ⎥

+ + +

0 0 1
1 1 0TH

⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥0 0 3 5 6s r r r r= + + +

s0 s1 s2

0 1 1
1 1 1
1 0 1

⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

0 0 3 5 6

1 1 3 4 5

2 2 4 5 6

s r r r r
s r r r r
s r r r r

+ + +
= + + +
= + + + 1 0 1⎣ ⎦
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Hamming codes

Hamming codes
Hamming codes are a subclass of linear block codesHamming codes are a subclass of linear block codes 
and belong to the category of perfect codes.
Hamming codes are expressed as a function of a 
single integer 2≥msingle integer          . 2≥m

mk
n

m

m

12:bitsninformatioofNumber
12                           :length Code

=

−=

 t
mn-k

mk

1    :capability correctionError 
            :bitsparity  ofNumber 

12  :bitsn informatioofNumber 

=
=

−−=

The columns of the parity-check matrix, H, consist of 
all non-zero binary m-tuples.

Richard Hamming
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Hamming codes

Example: Systematic Hamming code (7,4)
1110001 ⎤⎡

][1101010
1110001

33
TPIH ×=

⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎡

=
1011100 ⎥
⎥
⎦⎢

⎢
⎣

0001110 ⎤⎡

][
0100011
0010101
0001110

44×=
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎡

= IPG

1000111
0100011 44×

⎥
⎥

⎦
⎢
⎢

⎣

Modul 09 - Siskom 2 - Linear Block Code 37



Example of the block codes

8PSK

 BP

QPSK
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Tugas, Dikumpulkan !
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