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Channel Coding:

Linear Block Code

Cyclic Codes

BCH (The Bose Chaudhuri & Hocquenghem) Codes
Convolutional Codes

Turbo Codes

Referensi:

“Digital communications: Fundamentals and Applications” by
Bernard Sklar,Prentice Hall, 2001, ISBN: 0-13-084788-7

“Communication Sistems, 4" Edition”; by Simon Haykin; John
Wiley & Sons; Ontario; 2000

“Error Control Coding: Fundamentals and Applications”; by
Shu Lin & Daniel J Castello; Prentice-Hall; 1983; ISBN: 0-13-
283796-X
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Dampak menggunakan Channel Coding

Kinerja vs bandwidth
Power vs. bandwidth
Data rate vs. bandwidth
Capacity vs. bandwidth

Coding gain:
Reduksi Eb/NO jika menggunakan skema
channel coding untuk mencapai kinerja

PB‘

tertentu D
: Uncoded
G[dB]=(5] [dB]—(ij [dB] |~
No J, No /. E, /N, (dB)
4
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Channel models

Discrete memory-less channels
Discrete input, discrete output

Binary Symmetric channels
Binary input, binary output
Gaussian channels
Discrete input, continuous output
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What are Linear Block Codes? O

LinearCodes

Information sequence is segmented into message
blocks of fixed length.

Each k-bit information message is encoded Iinto
an n-bit codeword (n>k)

2k ) Binary Block > 2k
k-bit Messages Encoder n-bit DISTINCT
codewords
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What are Linear Block Codes? O

Linear|{Block Codes

Modulo-2 sum of any two codewords is .........
also a codeword

Each codeword v that belongs to a block code C
IS a linear combination of k linearly independent
codewords in C, I.e.,

U=my.0g+tmy.g +...+My 1.0y 4
0;=[9i0 9i1 ---- Gj .1l
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Some definitions O

Binary field :

The set {0,1}, under modulo 2 binary
addition and multiplication forms a field.

Addition Multiplication
020=0 0-0=0
0P1=1 0-1=0
1©0=1 1-0=0

101=0 1.1=1
Binary field is also called Galois field, GF(2).
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Some definitions...

Fields :

Let F be a set of objects on which two
operations ‘+’ and ‘.” are defined.

F Is said to be a field if and only If

F forms a commutative group under + operation.

The additive identity element is labeled “0”.
Va,beF=>a+b=b+aeF

2. F-{0} forms a commutative group under .
Operation. The multiplicative identity element is
labeled “1”.

YVabeF=a-b=b-aeF

3. The operations “+” and “.” distribute:
a-(b+c)=(a-b)+(a-c)
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Some definitions... O

Vector space:

Let V be a set of vectors and F a fields of
elements called scalars. V forms a vector space
over F If:

Commutative: Yu,veV =u+v=v+ueF
YVaekF,VwweV=a-v=ueV

Distributive:

(a+b)-v=a-v+b-v and a-(u+v)=a-u+a-v
Associative: Va,be F,VveV = (a-b)-v=a-(b-v)
vwveV, l.v=v
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Some definitions... O

Examples of vector spaces
The set of binary n-tuples, denoted by V.,

V, ={(0000), (0001), (0010), (0011), (0100), (0101), (0111),
(1000), (1001), (1010), (1011), (1100), (1101), (1111)}

Vector subspace:

A subset S of the vector space V,is called a
subspace if:
The all-zero vectorisin S.
The sum of any two vectorsin Sis also in S.
Example:

{(0000),(0101),(1010),(1111)} isasubspaceof V,.
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Some definitions... O

STT

Spanning set:
A collection of vectorsG = {gl, O P gn}{vl,vz,...,vn}
the linear combinations of which include all vectors In
a vector space V, Is said to be a spanning set for V or

to span V.
Example:

{(1000),(0110), (1100),(0011), (1001)} spans V,.

Bases:

A spanning set for V that has minimal cardinality is
called a basis for V.
Cardinality of a set is the number of objects in the set.
Example:

{(1000),(0100), (0010}, (0001)} is a basis for V,.
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Linear block codes

Linear block code (n,k)

A set C =V, with cardinality 2% is called a
linear block code if, and only If, it Is a
subspace of the vector space V, .

V, >CcV,

Members of C are called code-words.
The all-zero codeword Is a codeword.

Any linear combination of code-words is a
codeword.
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Linear block codes — cont’d

mappin V

Bases of C
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Linear block codes — cont’d

STTTELKOJ

The information bit stream is chopped into blocks of k bits.
Each block is encoded to a larger block of n bits.

The coded bits are modulated and sent over channel.

The reverse procedure is done at the receiver.

Channel

Data block

—_—

T
K bits

encoder

Codeword

n-k Redundant bits

C

N

R =E Code rate

——
n bits
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Linear block codes — cont’d O

STT

The Hamming weight of vector U, denoted by
w(U), Is the number of non-zero elements in

U.
The H
U and

amming distance between two vectors
V, Is the number of elements in which

they differ.

d(U,V) =w(U® V)

The minimum distance of a block code is

d

min ~

mind(U;,U;) = miin w(U,)

1#
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Linear block codes — cont’d O

Error detection capability is given by

€= dmin -1

Error correcting-capability t of a code, which is
defined as the maximum number of

guaranteed correctable errors per codeword, Is
d. —1

t — min

2
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Linear block codes — cont’d O

STT

For memory less channels, the probability
that the decoder commits an erroneous

decoding Is
N N : :
Pu < E,[.jp‘(l— p)™

j=t+1

P is the transition probability or bit error probability
over channel.

he decoded bit error probabillity iIs

Z J( jp (1~ p)™

j =t+1
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Linear block codes — cont’d O

Discrete, memoryless, symmetric channel
model

TX. bits< - Rx. bits

Note that for coded systems, the coded bits are
modulated and transmitted over channel. For
example, for M-PSK modulation on AWGN channels
(M>2):

be 2 Q(\/Z(Iogz M E, sin(ﬂsz 2 Q(\/Z(Iogz M )E,R. sin(ﬂj)
log, M N, M log, M N, M

where E, is energy per coded bit, given by E.=R.E,
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Linear block codes —cont’'d

A matrix G is constructed by taklng as |ts

mappin

_—

rows the vectors on the basis, {V.,V

G =

7 Vi Vi V1n
\2
. _ Vor  Vyp o Vo,
Vi
Vi Ve v Vg
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Linear block codes — cont’d

STTTELKOJ

= Encoding in (n,k) block code

The rows of G, are linearly independent.
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. Linear block codes —cont'd @

STTTELKOJ

= Example: Block code (6,3)

Message
vector (m) Codeword (U)
000 000000
9, [V.] [110100 100 110100
G=10,|=|V,|=|011010 010 011010
195 [Vs] [101001 110 101110

001 101001
101 011101
011 110011
111 000111
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Example: Block code (7,3)

Modul 09 - Siskom 2 - Linear Block Code

Message (m) Codeword

0000 0000000

‘g, [1 101 0 0 0 0001 1010001
0, 0110100 0010 1110010
g| |1 110010 0011 0100011
Q] [1 0100 0 1] 0100 0110100
0101 1100101

B 0110 1000110
m=[0110] 0111 0010111

% 1000 1101000

Linear Block 1001 0111001
Encoder (U=m.G) 1010 0011010
1011 1001011

w 1100 1011100

U=g,+0, 1101 0001101
U=[1000110] 1110 0101110
1111 1111111

O3
g,

Jd:1

Jo

23



Example

J, 1 1 01 0 0 OO
Linearly
9 |_ 6010111 Dependent
o 1 1 1 1 1 1 1]
'g;] [1 01 0 0 O 1]
m=[0111] m=[100 1]
Block Encoder Block Encoder
(U=m.G) (U=m.G)
U=g,+g,+g; NOT DISTINCT  U=g,+tg,

U=[0111001] €&——> U=[0111001]
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Linear Systematic Block Codes

n-k bits ) K bits .
Redundant Checking Message
Part Part
p-matrix kxk- identity matrix

e
' Poo Poi Ponska M 0 O
Il Il [
i DPo P Pipxa 1O 1 OH

G=[P I, ]=|I ' T b

1Pka0 Prag o Peansa )0 0 10
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'ﬂ The Parity Check Matrix @

= For any k x n matrix G with k linearly independent
rows, there exists an (n-k) x n matrix H (Parity
Check Matrix), such that

1G.H™=0
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Example
110 1 00 O
01 1010 0
G=| ::
;; 1 1ii O 0 1 O
1 021000 1

— 3 — 3 — & — 8 —— 8 — 8 —
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Encoding Circult

Input m
- p
: Message Register :
| |
' [m, | |
: Y Tochannel
I ° >—|—>
: Q" Qutput u
| |
| |
| |
| |
I |
| u u :
| u I
| 0 1 | 2 I
| |
| Parity Register [
o e o o e e e e e ., |
mgm;m,my] =——========-= [Ug u; U, mgm; m, my]
(Mo My M, Myl :_Encoder Circuit : ) - 2,0t e
28
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Syndrome O

Characteristic of parity check matrix (H)
rH' =0 =) reC
rH" 20 m==) rgC

U—|Channel—— r Syndrome

U r=Ute s=r.H'

@ Error Pattern
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Linear block codes — cont’d

Data source——

A

Data sink

r=(r,r,,...,r,) received codeword or vector

Modulation

By

channel

Format m Channel

encoding

Channel

Format o decodin

m g
r=U-+e

e=(e,e,,....,&,) error pattern or vector

= Syndrome testing:
S Is syndrome of r, corresponding to the error

S=rH' =eH'

pattern e.

Demodulation
Detection

.Y
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Linear block codes — cont’d O

Standard array
Forrowi=2,3,...,2" %, find a vector in V_ of minimum weight
which is not already listed in the array.
Call this pattern e, and form the 1 : th row as the corresponding

coset
zero
codeword \Ul U 5 00c U oK
ez ez@UZ tee ez@uzk T~
: : coset
—e.. ®U, ®U,
coset leaders | 2" 2” “ 2n “
31
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Linear block codes — cont’d O

Standard array and syndrome table
decoding
Calculate S=rH'
Find the coset leader, e =¢;, corresponding to S
Calculate U =r+é& and corresponding m.

Note that U=r+e=(U+e)+e=U+(e+¢€)
If e =e, erroris corrected.
If €+e, undetectable decoding error occurs.
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Linear block codes — cont’d

STTTELKOJ

= Example: Standard array for the (6,3) code

codewords
\
000000 | 110100 011010 101110 101001 011101 110011 000111
000001| 110101 011011 101111 101000 011100 110010 0OO0110
000010 | 110111 011000 101100 101011 011711 110001 OOO101
000100 | 110011 011100 101010 101101 011010 110111 000110
001000 | 111100 ' \
010000 | 100100 coset
100000 | 010100
010001 | 100101 010110
\ Coset leaders
33
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Linear block codes — cont’d

STTTELKOJ

Error pattern Syndrome

000000 000 U =(101110) transmitted.
88880(1) ém r =(001110) isrecelved.
1 11 oo R |
000100 110 = Thesyndromeof riscomputed:
001000 001 S=rH" =(001110)H" = (100)
010000 010 m Error pattern corresponding to this syndromeis
100000 100 3 = (100000)
010001 111

=) The corrected vector is estimated

N

U =r+6& = (001110) + (100000) = (101110)
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Syndrome Circuit

So=Ily+ I+ I+,
S =h+r+I+r
S,=l+I,+I+/

PRI, Y ISR et

o P B B O = O

=% EEY - O R ST &

Modul 09 - Siskom 2 - Linear Block Code
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Hamming codes

Hamming codes

Hamming codes are a subclass of linear block codes
and belong to the category of perfect codes.

Hamming codes are expressed as a function of a
single integer m > 2.
Code length : n=2"-1
Number of information bits: k=2" -m-1
Number of parity bits: n-k =m
Error correction capability: t=1

Richardeing
The columns of the parity-check matrix, H, consist of
all non-zero binary m-tuples.
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Hamming codes

STTTELKOM

» Example: Systematic Hamming code (7,4)

1000111
H201021011:[|3x3§PT]
00 1i110 1
01 1:1 0 0 0
GlelolOO:[PEI]
1100010 S
111i0 001
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Example of the block codes

I | = uncoded

- o ] e Hamming(15,11) |

PP RERRREE ’\ PP _

| ===« Hamming(7,4)

.......

................

E, /N, [dB]
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“ " Tugas, Dikumpulkan ! &

STTTELKOJ/

Consider a (7,4) code whose generator matrix is

D O e

1 1 1.1 0 0 0O
1 01 0 1 0 0
G= O 1 1 0 0 1 O
1 1.0 0 0 0 1

. Find all the codewords of the code.

. What is the error-correcting capability of the code?

What is the error-detecting capability of the code?
Find H, the parity-check matrix of the code.

Construct the syndrome table for the code.

. Compute the syndrome for the received vector 11 01 1 0 1. Is this a valid

vector? If not, what was the most probable sent message?
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